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A boundary integral equation for the exterior Robin problem for Helmholtz’s 
equation is analyzed in this paper. This integral operator is not compact. A proof 
based on a suitable regularization of this integral operator and the Fredholm alter- 
native for the regularized compact operator was given by other authors. In this 
paper, we will give a direct existence and uniqueness proof for the boundary non- 
compact integral equation in the space settings C’,“(S) and P*“(S), where S is a 
closed bounded smooth surface.. 6 1987 Academic Press, Inc. 
1. IN~R00ucT10N 
The exterior Robin problem for the Helmholtz equation has been dis- 
cussed, e.g., see Leis [S], Angel1 and Kleinman [l]. The integral equation 
approach used by Angel1 and Kleinman [l] was based on a system of two 
integral equations derived from Helmholtz’s representation formulas. 
Following the idea of Burton and Miller [4] (also see Lin [9] for a 
rigorous proof), Angel1 and Kress [2] investigated a composite integral 
equation. The integral operator which they used involves the normal 
derivative of the double layer potential, which is not compact. As they 
mentioned in [2], a suitable regularization must be introduced before the 
Fredholm alternative is applicable. 
In this paper, we will give a direct existence and uniqueness proof for the 
composite integral equation in the space settings C’,“(S) and Co7”(S), where 
S is a smooth closed bounded surface; See Section 2 for definitions. Our 
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analysis is an extension of our previous work for the exterior Neumann 
problem [9]. Unlike Angel1 and Kress [2], no regularization of the com- 
posite integral operator is needed. 
2. DEFINITIONS AND PRELIMINARY RESULTS 
Let S be a closed bounded surface in R3 which belongs to the class C2. 
Let De, D + denote the interior and the exterior of S, respectively. The 
exterior Robin problem for Helmholtz’s equation is to determine a function 
u such that 
Au(A) + k%(A) = 0, AED,, (2.1) 
-g+,(p) u(p)=f(p), P E s, 
P 
the Sommerfeld radiation condition 
(-&ik)u=o(:), as r=jAI+m, 
where f and cr are given functions in C’,‘(S), 0 < 1< 1, Im k b 0, Im La 3 0, 
and nP is the outward drawn normal with respect o D- . 
If a function f is 1 times continuous differentiable on S and if the Zth 
order derivatives are Holder continuous with exponent I, we say 
f~ CL’(S). (See [S, p. 971.) We call 
erk I P - 41 
L,u(P)=//4d ,p--4, 
&& 
peR3, 
a single layer function, and u(q) is called the single layer density function. 
We call 
a eJlp-ql 
Mk”(P)= -jsu(d~~dsq, PERU, 
4 
a double layer function, and u(q) is called the double layer density function. 
For simplicity, sometimes we write Lu and Mu only. We also define 
L,u(p) = lim Lu(A), 
AeD, 
A-P 
p E s 
LA P) = ,‘riy- WA 1, 
A-P 
p E s, 
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p E s. 
We can similarly define 
Me4 PI, Mid P), ; MAP)? & Mi”(P). 
When u is fixed, we only write L,, Li, (a/&) L,, etc. 
If u satisfies (2.1) and (2.3), then we have the following well-known 
Helmholtz formula: 
-471u(p), PED,, 
-27cu(p), PCS, (2.4) 
0, PED-, 
where Y= Ip-ql. 
We proceed formally to obtain our boundary integral equation. From 
(2.4), we have 
u(A)=&Mu(A)+L(f-a.u)(A)], AED,. (2.5) 
Letting A -+p E S, from the jump discontinuity of double layer 
(M, u( p) = A4u( p) - 2nu( p)) and simple calculation, we obtain 
-271u(P)--MutP)+L(o(P).u(P))=Lf(P), p E s. (2.6) 
From (2.4), computing normal derivatives (from the interior), from the 
jump discontinuity of the normal derivative of single layer 
we obtain 
$“iuO-2nu(P) u(P)~~L~o(P)‘uo) 
= --zlrf(P&.f(Ph p E s. (2.7) 
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From the idea used by Burton and Miller [4] for the Neumann 
problem, linearly combining (2.6) and (2.7), we obtain our integral 
equation 
where v] is a nonzero real number and such that 
r. R,k<O. (2.9) 
Because aMi/& is not defined (in the usual sense) on all of C(S) (see 
Giinter [S, pp. 71-76]), we choose C?“(S) and C’,“(S), 0<1< 1, instead. 
We had chosen these spaces for the Burton and Miller integral equation 
approach for the exterior Neumann problem for the Helmholtz equation; 
see Burton and Miller [4] and Lin [9]. We also remark that Kussmaul 
[7] also used these spaces for his integral equation approach for the 
exterior Neumann problem. From [ 12, Lemma 41, 
z: P(S) + CO*“(S), 
and hence from [ 111 
-27c-M+Lo+iv 
i 
-$fi-2no-;Lo 1 : P(S) +COQ). 
Remark. Angel1 and Kress [2] use the condition q. Re k 20 (which 
evidently was motivated by Brakhage and Werner [3] for their combined 
single and double layer potentials approach for the exterior Dirichlet 
problem) which corresponds to our condition (2.9), because our definition 
of the double layer potential (following Giinter [S]) is different from them 
in sign. 
Angel1 and Kleinman [ 1 ] used a system of integral equations (2.6) and 
(2.7) for their approach. Angel1 and Kress [2] proved the existence and 
uniqueness theorems for (2.8); their proof depends on the Fredholm alter- 
native. Since the operator (a/&z)M, is not compact, a suitable 
regularization is necessary for their proof. In the next section, we will give a 
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direct existence and uniqueness proof in the space settings C’,“(S) and 
C’,“(S), without invoking the regularization and the Fredholm alternative 
of the composite integral operator. 
3. EXISTENCE AND UNIQUENESS 
We adopt the same framework as Lin [9]. For the existence, we are 
motivated by Angel1 and Kleinman [ 1 ] and Kleinman and Roach [6]. 
LEMMA 3.1. For each SE C’,“^(S), there exists a solution u E C’,‘(S) of 
the integral equation (2.6). 
Proof From [ 1, Lemma 4.31, there exists a solution ZJ E L*(S) of (2.6). 
Since f is continuous on S, the Regularity Theorem [ 10, p. 1781 implies u 
is also continuous on S. From (2.6) we obtain 
U(P) = -(We) - L(dP) U(P)) + Lf(P)). (3.1) 
From [ 11, Lemmas 2-71, Mu E C”,‘(S), L(o U) E C’,“(S), and LYE C’,“(S). 
From (3.1), UE C’,‘(S). From [ll, Lemmas 2-71, MUE C’%‘(S) and 
I,(G. U) E C’*“(S), therefore u E C’,“(S). 
LEMMA 3.2. Suppose that k is not an eigenvalue of the interior Dirichlet 
problem for the Helmholtz equation. Then for each f E Co,“(S), there exists a 
solution of (2.8) in C’,“(S). 
Proof: From Lemma 3.1, there exists a solution u of the integral 
equation 
-2714P)--4P)+~(4P)u(P))=Jcf(P)> PEX in C’,“(S). (3.2) 
Define a function V on D ~ by 
UA)=Mu(A)-L(o(A)u(A))+Lf(A), AED-. (3.3) 
Letting A + p-, from the continuity of the single layer potential and the 
jump discontinuity of the double layer potential, we have 
lim VA)=~~P)+~~~(P)-U~P)~(P))+JC~(P)~ p E s. 
A-p- 
From (3.2), lim,,,- V(A) = 0, p E S; this means that V is a solution of the 
interior homogeneous Dirichlet problem for Helmholtz’s equation with 
zero boundary data. Since k is not an eigenvalue of the interior Dirichlet 
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problem, this function V must vanish identically in 4 ~ and 8Vj/&r = 0 on 
S. We rewrite (3.3) as 
Mu(A) = V(A) + L(o(A) u(A)) - Lf(A), AED_. 
From this, we obtain 
2 U(P) =g L(O(P) 4P)) + 27Np) U(P) 
-(LLf(p)+Zlif(p) ? 
) 
which means that u is also a solution of (2.7). Linearly combining (3.2) and 
(3.4), u is a solution of (2.8). 
LEMMA 3.3 [ 1, Lemma 4.61. The function V is an eigenfunction of the 
interior Dirichlet problem with zero boundary data if and only if V can be 
represented in the form 
V(A)=&Ww(A)-&L@(A) w(A)), AED-, 
where w satisfies the homogeneous boundary integral equation 
271w(P)+Mw(P)-L(~(P)w(P))=O, p E s. 
THEOREM 3.4 (Existence Theorem). For each f E C’,“(S), there exists a 
solution of (2.8) in C’,“(S). 
Proof If k is not an eigenvalue of the interior homogeneous Dirichlet 
problem, the result follows from Lemma 3.2. Now we only consider the 
case in which k is an eigenvalue of the interior homogeneous Dirichlet 
problem. From Lemma 3.1, there exists a solution u1 E C’s”(S) of the 
integral equation 
-27MP)--u(P)+L(c7(P)u(P))=Lf(P)Y p E s. (3.5) 
Define a function V on D- by 
V(A)=Mu,(A)-L(o(A).u,(A))+Lf(A), AED-. (3.6) 
As in the proof of Lemma 3.2, V is either identically zero or is a nontrivial 
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solution of the interior homogeneous Dirichlet problem. From Lemma 3.3, 
in either case, we may represent he function V in the form 
where w satisfies the boundary integral equation 
27MP) + MW(P) - L(4P) W(P)) = 09 
From (3.6) and (3.7) we have 
=Mu,(A)-L(o(A).u,(A))+Lf(A), 
Define a function u on S by 
I.4 = u1- (1/27r)w. 
AED-, (3.7) 
p E s. (3.8) 
AED-. (3.9) 
(3.10) 
We will prove that u is a common solution of (2.6) and (2.7). From (3.5) 
and (3.8), we have 
-2~u(P)-Mu(P)+L(o(P).u(P))=Lf(P), P E s, (3.11) 
i.e., u is a solution of (2.6). From (3.9) and (3.10), we obtain 
Mu(A)=L(o(A)u(A))-Lf(A), AED-. (3.12) 
From (3.8), we have 
w(P)=~(L(~(P)w(P))-l\lw(P)), p E s. (3.13) 
From the regularity theorem [lo, p. 1781 and (3.8), w is continuous on S. 
From [ll] and (3.13), WEC’*‘(S). Again, from [11] and (3.13), 
WE C’*‘(S). Therefore aMi/an exists (e.g., see [S, 11, 121) and from (3.12), 
~u(P)=~L(o(P)u(P))+2n~lP)v(P) 
-[$ftP)+2nf(P) > 1 P E s, (3.14) 
i.e., u is also a solution of (2.7). From (3.11) and (3.14), u is a solution of 
(2.8) in C’,“(S). 
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THEOREM 3.5 (Uniqueness). For each f~ Co,“(S), there is at most one 
solution u of the integral equation (2.8) in C’%‘(S). 
Proof: If suffices to show that the corresponding homogeneous 
equation 
-27wJ) - MU(P) + -ueJ). U(P)) 
fivl 
[ 
~“iu(p)-2xo(p)u(p)-~l(o(p)‘U(p)) =O 1 (3.15) 
has only the trivial solution u = 0 on S. With our notation, (3.15) can be 
written as 
+ iv YES. (3.16) 
From (3.16) and Green’s theorem, 
iv 
!I 
s z Mi”(P)-& Li(O’u)(P) 2dS 
= - 
I 
sw;u(P)-wJ40P 
( 
-&~AP)-Y&-~(P) ds 
> 
=- 
L, 
IV(Mu(A) - L(a. u)(A))[* dV 
D- 
a.u)(A)).d(Mu(A)-L(a.u)(A))dV 
1 
=- 
[, 
IV(MU(A)-L(~.U)(A))(~~I’ 
D- 
-k2jDm IMu(A)-L(~-u)(A)/~~V]. 
Equating the imaginary part of the above equation, we have 
rl &Miu(P)-~~d~~u)(p) ‘ds 
=2-Rek.Imk.jDm (Mu(A)-L(a.u)(A)I’dV. 
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Since q is chosen such that q # 0 and v]. Re k < 0, therefore 
~M,u(p)-~L;(~.u)(p)=O on S. 
From (3.16), 
-M,u(p)+L(a~u)(p)=O on S. 
From [ 1, Lemma 4.41, we have u = 0 on S. 
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